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Abstract
We study N = 2 supersymmetric Abelian gauge model with the Fayet-
Iliopoulos term and an arbitrary number of chiral matter multiplets in two
dimensions. By analyzing the instanton contribution we compute the non-
perturbative corrections to the mass spectrum of the theory and the quantum
deformation of the classical vacua space. In contrast to known examples the
non-perturbative bosonic potential is saturated by the one-instanton contribu-
tion and can be directly found within the semiclassical expansion around the
one-instanton saddle point.
1 Introduction
The non-perturbative aspects of supersymmetric field theories has been extensively
studied and it has become clear that a wide class of their properties can be analyzed
exactly. It has been also found that the non-perturbative dynamics of supersymmetric
theories is essentially governed by instantons. Thus the instanton based calculations
result in determination of the vacuum structure of some N = 1 supersymmetric
non-Abelian gauge theories in d = 4 dimensions [1, 2, 3]. Similar results have been
obtained in d = 2 supersymmetric sigma models [4, 5]. Another example is the four-
dimensional non-Abelian gauge theories with N = 2 extended supersymmetry where
the exact solution for the quantum moduli space is known which sums up all terms of
the instanton expansion [6, 7]. The instantons play an essential role also in dynamics
of d = 3 supersymmetric gauge models [8, 9, 10].
We consider the effects of the instantons in the d = 2, N = 2 supersymmetric
Abelian gauge theory with the Fayet-Iliopoulos term and an arbitrary number of chiral
matter multiplets. The models of this type were considered in the context of Calabi-
Yao/Landau-Ginzburg correspondence in ref. [11] where some instanton effects were
announced. In the present paper we develop the semiclassical perturbation theory
(PT) around the one-instanton saddle point. By analyzing the instanton contribution
to a set of Green functions (GFs) we construct the effective action which describes the
effects of the instantons at large distance. As usual the instantons violate the non-
renormalization theorems and induce the correction to the mass spectrum and the
deformation of the classical vacua space of the model. However, in contrast to other
supersymmetric theories the non-perturbative bosonic potential which determines the
spectrum and the vacuum structure of the model is saturated by the one-instanton
contribution and can be directly computed within the PT around the one-instanton
solution.
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2 The model
The N = 2 supersymmetric Abelian gauge model in two dimensions can be obtained
by dimensional reduction of the d = 4, N = 1 supersymmetric QED [11, 12]. The
model is constructed from the charged chiral multiplets Φi (i = 1, . . . , Nf) and the
gauge vector multiplet V . The (anti)chiral superfields have the following expansion
in terms of the component fields1
Φi(x, θ) = φi(y) +
√
2θcψ
i(y) + θcθF
i(y),
Φ
i
(x, θ) = φ
i
(y) +
√
2θψic(y) + θθcF
i
(y), (1)
yµ = xµ + iθγµθ.
The expansion of the gauge superfield reads (in Wess-Zumino gauge)
V = −θγµθvµ − θ1 + γ5
2
θσ − θ1− γ5
2
θσ + iθcθθλc − iθθcθcλ+ 1
2
θcθθθcD. (2)
The (anti)chiral superfields obey the constraints DΦi = 0, DΦ
i
= 0 where D D stands
for the supercovariant derivative
D =
∂
∂θc
− i∂/θc,
D = − ∂
∂θc
+ iθc∂/, (3)
where ∂/ = γµ∂µ. In two dimensions it is possible to construct also the twisted chiral
multiplet Σ by acting with the supercovariant derivatives on the vector multiplet
[11, 13]
Σ =
1√
2
DRDLV (z) = σ(z) + i
√
2θLλR(z)− i
√
2θRλL(z)−
−
√
2θLθR
(
D(z) + i
εµνvµν(z)
2
)
, (4)
1See Appendix A for spinor algebra notations.
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where vµν = ∂µvν − ∂νvµ and zµ = xµ + iθγµγ5θ. The twisted chiral superfield obeys
the constraints DLΣ = DRΣ = 0. The twisted antichiral superfield Σ is a complex
conjugate of eq. (4) and obeys DRΣ = DLΣ = 0.
In the superspace (θ, θ, x) supersymmetry is realized by the operators
Q =
∂
∂θc
+ i∂/θc,
Q = − ∂
∂θc
+ iθc∂/, (5)
with the following algebra
{Q,Q} = −2i∂/+ Z. (6)
In eq. (6) Z is a complex central charge corresponding to the momenta in the reduced
directions of the N = 1 algebra in four dimensions [10].
The supersymmetry transformation of the component fields can be directly ob-
tained from eqs. (1, 2, 5). However, it is relatively complicated [11] because the
supersymmetry transformations have to be accompanied by gauge transformation to
preserve the Wess-Zumino gauge.
The Lagrangian of the model has the form [11, 12]
L = Lmatter + Lgauge + Lζ , (7)
where the first two terms in the right hand side are the kinetic energy of the chiral
fields and the kinetic energy of the gauge field respectively. The third term is a twisted
chiral superpotential which incorporates both the Fayet-Iliopoulos term and the theta
angle [11]. No chiral superpotential interaction is allowed in our model because we
choose all the chiral fields to be of the same gauge charge. In terms of superfields the
right hand side of eq. (7) reads
Lmatter =
∫
d2xd4θ
∑
i
Φie
2VΦi, (8)
4
Lgauge = − 1
4e2
∫
d2xd4θΣΣ, (9)
Lζ =
ζ
2
√
2
∫
d2xdθLdθR Σ|θR=θL=0 + h.c., (10)
where e is a gauge coupling constant of dimension one in mass units and ζ = η2 −
iθ/(2pi) with real η2 and θ. The component expansion of the first two terms in eq. (7)
is
Lmatter =
∫
d2x
∑
i
(
−DµφiDµφi + iψiD/ψi + F iF i − 2σσφiφi +Dφiφi−
−
√
2σψi
1 + γ5
2
ψi −
√
2σψi
1− γ5
2
ψi + i
√
2φiψicλ− i
√
2φiλψic
)
, (11)
Lgauge =
1
e2
∫
d2x
(
−1
4
vµνvµν − ∂µσ∂µσ + iλ∂/λ+ 1
2
D2
)
, (12)
where Dµ = ∂µ − ivµ. Eq. (10) in components reads
Lζ = −
∫
d2x
(
η2D +
θ
2pi
εµνvµν
2
)
(13)
i.e. the constants η2 and θ parameterize the Fayet-Iliopoulos and theta angle terms
respectively.
Let us consider some properties of the model. At the classical level it has left- and
right-moving R symmetries [11] which provides us with the standard non-renormaliza-
tion theorems [14]. There is also a chiral symmetry which rotates ψi, σ and λ fields and
their complex conjugates so that (ψiL, ψ
i
R, λL, λR, σ) have charges (−1, 1,−1, 1,−2).
Both the R and chiral symmetries are anomalous at the quantum level. Classically
the chiral invariance of the Lagrangian leads to conservation of the axial current
J5µ = ψγµγ5ψ −
1
e2
λγµγ5λ+
1
e2
(σ∂µσ − σ∂µσ), (14)
so ∂µJ5µ = 0. However, non-invariance of the partition function under the chiral
transformation results in the “diangle” anomaly in the divergence of the axial current
[15]
∂µJ5µ =
1
2pi
Nfε
µνvµν . (15)
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Because of the anomaly the θ angle transforms under the chiral rotation with the
parameter αχ as follows
θ → θ − 2Nfαχ. (16)
Thus all values of the θ angle are equivalent and one can put θ = 0.
The equation of motion for the auxiliary fields can be solved with the result
D = −e2(∑
i
φiφi − η2),
F i = 0. (17)
After eliminating the auxiliary fields the potential energy takes the form
U(φi, σ, vµ) =
e2
2
(∑
i
φiφi − η2
)2
+ (2σσ − vµvµ)
∑
i
φiφi. (18)
Thus for a non-zero value of the parameter η at the classical level the Higgs effect
takes place while the Coulomb phase is absent. In the case Nf = 1 no massless fields
survive. The spectrum consists of the massive vector field and the real scalar field
and there are two distinct vacua φ = ±η. When Nf > 1 vanishing of U requires
∑
i
φiφi = η2, (19)
i.e. the classical vacua space of the model is a CP (Nf−1) manifold with the Ka¨hler class
η2 and the massless fields form a supersymmetric CP (Nf−1) model. Note that for an
arbitrary Nf the Witten index (−1)F [16] is non-zero so spontaneous supersymmetry
breaking does not happen even at the quantum level.
3 Nf = 1 model in detail
6
3.1 Mass spectrum and running coupling
When Nf = 1 and η 6= 0 all the fields get masses via the Higgs mechanism. The mass
spectrum saturates the Bogomol’nyi-Prasad-Sommerfield (BPS) bound [17, 18, 19, 20]
m ≥ 1
2
|Z|, (20)
so both the gauge and chiral fields are the sum of short multiplets [10]. The central
term is a combination of U(1) charges Y and Y
Z = 2
√
2eη

 Y 0
0 Y

 . (21)
where the Y transformation mixes the components of the vector and chiral multiplets:
δφ ∼ σ/e, δφ ∼ σ/e, δψR ∼ iλR/e, δψL ∼ iλL/e, . . ., and the Y transformation is a
Hermitian conjugate of Y : δφ ∼ σ/e, δφ ∼ σ/e, δψR ∼ −iλR/e, δψL ∼ −iλL/e, . . ..
Using eq. (21) we find the masses of the gauge and matter fields to be equal to
m =
√
2eη. (22)
Let us consider the quantum corrections to this classical expression. The PT of the
model has a natural dimensionless expansion parameter
g2
4pi
=
1
4piη2
∼ e
2
m2
, (23)
so the PT is valid if η is large enough. In the one loop approximation the vacuum
expectation value (VEV) η is renormalized by the scalar tadpole [11]
η2(µ) =
1
2pi
ln
µ
Λ
, (24)
where µ is an ultra-violet cutoff and Λ parameterizes the infrared behavior of η.
Eq. (24) corresponds to the non-zero β-function of g coupling
β =
g2
4pi2
β0, β0 = 1. (25)
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Thus instead of eq. (22) one gets the one-loop corrected expression
m2(µ) =
1
pi
e2 ln
µ
Λ
. (26)
In fact the superrenormalizability of the model and the standard non-renormalization
theorems tell us that eq. (26) is the exact quantum analog of eq. (22) at least within
the PT framework [11].
It is important that the currents associated with the left- and right-moving R
symmetries are also anomalous because they couple to the chiral charged fermions.
Since the R symmetry is anomalous the non-renormalization theorems do not work
in the instanton sector. As a consequence eq. (26) can be modified by instantons.
3.2 Instanton solution and instanton measure
The described model is known to support the instanton solutions – the Abrikosov-
Nielsen-Olesen vortices [12, 21]2. The one-instanton solution is spherically symmetric
and in the polar coordinates (αr, r) can be parameterized as follows
vIµ = εµν∂νΨv(r), ∂νΨv(0) = 0,
φI = e
iαrη(1−Ψφ(r)), Ψφ(0) = 1.
(27)
where the functions Ψφ(r) and Ψv(r) + ln(Cer) exponentially decay at large r (the
constant C is a characteristic of the solution). Meanwhile, there is no analytical
expression of Ψφ(r) and Ψv(r) in terms of elementary functions.
The instanton configuration satisfies the first-order Bogomol’nyi equations [18]
(D − v01)I = 0,
(iD0 +D1)φI = 0.
(28)
As a consequence the instanton of the winding number N
N =
1
2pi
∫
d2xv01 (29)
2The analytical continuation from the Minkowski to Euclidean metric is implied (see Appendix A)
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has the action 2piNη2 and is neutrally stable with respect to N instantons of the
winding number 1 [18, 22].
In the instanton background the Dirac operator acting on the ψ and λ fields
has zero modes [23]. It is convenient to arrange the ψL and λR fields into one two-
component spinor
χ =

 ψL
λR/e

 , (30)
so the (Euclidean) Dirac operator on these components takes the form
iD/ =

 −D0 + iD1 −i
√
2φ
i
√
2φ −∂0 − i∂1

 . (31)
Using the Bogomol’nyi equations it is possible to show that zero modes of positive
chirality do not exist if the external field configuration has a positive winding number
[12]. Then the chiral anomaly tells us that in the one-instanton background there
is one complex zero mode of negative chirality [24]. This mode is generated by the
(complex) supersymmetry transformation of the instanton field [25]
χ0 =

 ψ0L
λ0R/e

 =


√
2(iD0 −D1)φI
(D + v01)I/e

 . (32)
The rest of the supersymmetry generators does not affect the instanton field because
of eq. (28).
Now it is straightforward to compute the one-instanton contribution to the par-
tition function – the instanton measure. The contribution of the two real bosonic
zero modes associated with the translation invariance of the instanton solution to the
measure is [26]
SI
∫
d2x0, (33)
where the collective coordinate x0 corresponds to the position of the instanton and
the factor SI normalizes the zero modes. The part of the measure corresponding to
9
the one complex fermionic zero mode reads [23]
J−1
∫
dζ0dζ0, (34)
where ζ0 is the Berezin integration variable and the factor
J = 4SI (35)
normalizes the zero mode (32) to 1. The contribution from the bosonic and fermionic
quadratic functional integration around the instanton solution due to the non-zero
modes cancel each other because of supersymmetry [27]. As usual, the renormaliza-
tion scale µ appears in the measure as a contribution of the Pauli-Villars regulator
fields to the fermionic and bosonic determinants due to the zero modes [23]. The
power of µ is exactly the first coefficient of the β-function (25) β0 = 1 which mea-
sures the difference between the numbers of bosonic and fermionic zero modes.
Multiplied by the exponent of the one-instanton action eqs. (33, 34) give the final
expression for the measure
Λ
4
∫
d2x0dζ0dζ0, (36)
where
Λ = µe−2piη
2(µ). (37)
Note that the PT corrections to this result exist due to the Yukawa coupling
−
√
2σψRψL. (38)
3.3 Green functions and effective Lagrangian
Let us consider the following GFs
Gχχ(x− y) = 〈0|χ(x)χ(y)|0〉, (39)
Gσ(x) = 〈0|σ(x)|0〉. (40)
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These GFs vanish within the PT and have relevant chiral transformation properties
to get the one-instanton contribution.
Using the instanton measure (36) one finds the GF (39) to be saturated by the
fermionic zero mode (32)
Gχχ(x− y) = Λ
4
∫
d2x0 χ
0(x− x0)χ0(y − x0). (41)
From eqs. (28, 32, 41) one obtains the non-zero condensate of the ψL and λR fermionic
components
1
e2
〈0|λLλR|0〉 = 〈0|ψRψL|0〉 = piη2Λ. (42)
Eq. (41) implies also that in the one-instanton approximation a non-local diagonal
mass matrix for the ψL and λR components appears [8]
δmˆ(x− y) =
∫
d2xD/ 0xGχχ(x− y)
←−
D/ 0y, (43)
where D/ 0 is the free Dirac operator
iD/ 0 =

 −∂0 + i∂1 −i
√
2η
i
√
2η −∂0 − i∂1

 . (44)
Near the mass shell eq. (43) can be reduced up to the higher derivatives to the effective
local mass matrix
δmˆ =
∫
d2x mˆ(x). (45)
Using eqs. (28, 29, 32) in the local limit one finds the effective real masses for the λ
and ψ fields
δmλλ = δmψψ = 8η
2pi2Λ ≡ δm. (46)
The fact that eqs. (42, 46) are equivalent for the ψ and λ fields is a consequence of
the non-anomalous Y (Y ) symmetry. Because of the standard non-renormalization
theorem [4] the PT corrections to the two-point GF of the gauge fermion and there-
fore to the parameter δmλλ are absent. On the other hand, the PT corrections to the
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two-point GF of the matter fermion are possible due to the Yukawa coupling (38).
However, taking into account the Y (Y ) symmetry one concludes that these correc-
tions are also absent unless the symmetry is broken.
The calculation of the instanton contribution to the GF (40) is a little bit more
complicated. It vanishes at the tree level because of the fermionic zero mode so one
has to take into account the loop corrections to the partition function. Then one
gets3
Gσ(x) = 4
√
2η2pi2Λ ≡ σ0. (47)
Thus the instantons lead to the condensation of the lowest component of the vector
superfield. A non-zero VEV of the σ field violates the Y (Y ) symmetry and induces
the corrections to the two-point GF of the matter fermion field. We will consider
these corrections below.
The contribution of the anti-instanton solution with a negative winding number
to the partition function is a Hermitian conjugate of the instanton contribution. For
example, the anti-instantons saturate the condensates and real mass terms for the λR
and ψL fermionic components.
Now we are able to write down the effective Lagrangian to describe the effects
induced by the (anti-)instantons at large distance. This Lagrangian has to repro-
duce eqs. (46, 47) and respect all non-anomalous symmetries of the fundamental
Lagrangian (7). These constraints are satisfied with the Lagrangian of the following
unique form
δL =
∫
d2xdθ4
(
Φe2(V −V˜ )Φ− Φe2VΦ
)
+
δm
4e2
(∫
d2xdθLdθR Σ
2
∣∣∣
θR=θL=0
+ h.c.
)
, (48)
where V˜ is an auxiliary external vector superfield with the non-zero scalar component
3See Appendix B.
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σ˜ = σ˜ = σ0. In components eq. (48) reads (in the Minkowski metric)
δL =
∫
d2x
(
−2(σ − σ˜)(σ − σ˜)φφ+ 2σσφφ+
√
2σ˜ψLψR +
√
2σ˜ψRψL
)
−
− δm
e2
(∫
d2x
(√
2
2
σ (D − iv01) + λRλL
)
+ h.c.
)
. (49)
The potential energy now is of the following form
U(φ, σ, vµ) =
e2
2
(
φφ−
√
2
2
δm
e2
(σ + σ)− η2
)2
+
(
2(σ − σ˜)(σ − σ˜)− vµvµ
)
φφ. (50)
Eq. (50) determines the mass spectrum and the vacuum configuration in the one-
instanton approximation. The VEV of the σ field is given by eq. (47). The VEV of
the φ field can be written in the gauge invariant form
〈0|φφ|0〉 = η2 +
√
2
δmσ0
e2
. (51)
Then the instanton contribution leads to the mass splitting: a half of the states is of
the mass m + δm/2 while another states are of the mass m − δm/2 (where we keep
only the leading order term in Λ). Note that the central charge (21) is modified by
eq. (48).
These results need some comments.
i) As it was pointed the expressions (46, 47) for the parameters σ0 and δm are exact
within the PT around the one-instanton solution. Thus the perturbative corrections
to the partition function (36) are reduced to the condensation of the σ field. Mean-
while, the effective Lagrangian (49) can be modified by multi-instanton contributions.
ii) Taking into account the real mass term in eq. (49) one can reproduce within the
effective theory the value of the gauge fermion condensate (42).
iii) Formally, the first part of eq. (49) contains the real mass term for the ψ field with
mass being equal to
√
2σ0. This term is a local approximation of the non-local mass
term implied by the contribution of the fermionic zero mode to the two-point GF (39)
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(see eqs. (46, 47)). However, when the correct vacuum configuration σ = σ0 is used
this mass term disappears. By the same reason the condensate of the matter fermion
vanishes. In this way the PT corrections to the two-point GF of the matter fermion
field (eqs. (42, 46)) are taken into account within the effective theory framework.
iv) Eq.(49) includes a bosonic part and in particular contains the non-diagonal mass
term which mixes the bosonic components of the vector and chiral superfields. The
effective coupling in front of the bosonic term is of order Λ ∼ eSI and therefore is sat-
urated by the one-instanton contribution. This term of the effective Lagrangian can
be directly found by analyzing the one-instanton contribution to the corresponding
bosonic correlator. In contrast to the considered model in all known examples the
non-perturbative bosonic potential is suppressed by an extra power of Λ. In this case
it can be only reconstructed by supersymmetry transformation from the fermionic
part of the effective action while the dynamical calculations are not available.
v) Though eq. (51) is obtained by minimizing the effective potential in the one-
instanton approximation there is no instanton contribution to this quantity because
of the chiral selection rule. The non-perturbative variation of the V EV of the φ field
is of order Λ2 so it corresponds to the contribution of the instanton–anti-instanton
pair rather then the contribution of the single (anti-)instanton.
vi) Naively, the effective potential in the one-instanton approximation has an addi-
tional vacuum state with
φ = 0,
σ = − e
2η2√
2δm
. (52)
This, however, contradicts to the constraint on the number of the bosonic vacuum
states imposed by the Witten index analysis. The reason of this inconsistency is that
eq. (49) is valid only for the region σ ∼ 0 and φ ∼ η where the PT around the
one-instanton solution is applicable. For the large σ small φ region the anomalous
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twisted superpotential is also known [11, 28]
1
4
√
2pi
∫
d2xdθLdθR Σ ln (Σ/µ)|θR=θL=0 + h.c. =
= − 1
4pi
∫
d2x
(
(ln (σ/µ) + 1)(D − iv01) +
√
2
λRλL
σ
)
− h.c. (53)
In particular for η2 > 0 the effective potential has no additional vacuum states so
eq. (52) is a spurious vacuum. However this is an interesting and non-trivial problem
to find the exact solution which interpolates between eq. (49) and eq. (53).
4 Generalization to Nf > 1
If Nf > 1 the presence of the massless particles leads to the infrared divergence of
the PT. To regularize the divergence we add to the Lagrangian a mass term of the
form ∫
d2xdθ4
Nf∑
i=2
Φi
(
e−(mrθLθR+m
∗
rθRθL)/
√
2 − 1
)
Φi =
= −
Nf∑
i=2
∫
d2x
(
m∗rmrφ
iφi +m∗rψ
i
Rψ
i
L +mrψ
i
Lψ
i
R
)
, (54)
where mr is a (complex) parameter. Thus φ
1 becomes the only field with a non-
zero VEV. This term breaks SU(Nf ) flavor symmetry of the original Lagrangian to
SU(Nf − 1). The chiral symmetry is not broken by eq. (54) if we assume mr to be of
the chiral charge −2. Then eq.(24) transforms to
η2(µ) =
1
2pi
ln
(
µNf
Λ|mr|Nf−1
)
, (55)
so β0 = Nf . The instanton solution for Nf > 1 is identical to one of the Nf = 1 model:
the gauge field and the scalar field φ1 are given by eq. (27) while φi (i = 2, . . . , Nf)
are equal to zero4. However, the instanton measure is modified. At mr = 0 the Dirac
4If some of the chiral superfields have opposite gauge charges the theory has a non-trivial moduli
space and the structure of the instanton solution becomes much more complicated [29].
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operator in the one-instanton background in addition to eq. (32) has Nf − 1 extra
massless fermionic zero modes
ψiL = e
Ψv , ψiR = 0, i = 2, . . . , Nf . (56)
These modes can not be obtained by a supersymmetry transformation of the instanton
field. On the other hand they are related by the supersymmetry transformation to
the additional bosonic zero modes
φi = eΨv , i = 2, . . . , Nf . (57)
Though these modes are non-normalizable they do contribute to the instanton mea-
sure because the numbers of the bosonic and fermionic modes are equal [30]. At small
mr the contribution of the zero modes (56) to the fermionic determinant is mr
(Nf−1)
up to the higher order corrections in mr. Taking into account the contribution of the
regulator fields we find the total contribution of the fermionic zero modes (56) to the
instanton measure to be (
mr
µ
)(Nf−1)
. (58)
Similarly the bosonic zero modes (57) give the factor
(
µ2
m∗rmr
)(Nf−1)
. (59)
The contribution of the translation and supersymmetry zero modes is the same as
in the Nf = 1 case. So the total power of µ is equal to β0. Putting all the factors
together and taking into account eq. (55) we found that the instanton measure for an
arbitrary Nf is the same as in the Nf = 1 model and is given by eq. (36) up to the
factor ei(Nf−1)αm where αm is a phase of mr. This phase, however, can be absorbed by
the redefinition of the θ angle which enters the instanton measure as the factor eiθ so
that under the chiral group it transforms according to eq. (16) (another contribution
to eq. (16) comes from the supersymmetric fermionic zero mode). The only difference
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between the models with different Nf is in the expression of the running coupling η
2
so we can extend the results of the previous section to an arbitrary Nf . In particular
we find that the instanton contribution results in the non-perturbative variation (51)
of the Ka¨hler class of the CP (Nf) model describing the light sector of the model.
The limit of a vanishing mr needs a comment. In this limit one expects the phase
transition since Goldstone bosons do not exist in two dimensions [31]. Moreover,
the CP (Nf) model of the massless fields at mr = 0 supports the “light” instanton
solutions which involve only the light degrees of freedom [32]. We, however, do not
consider these effects and are rather interested in the calculation of the Wilsonian
effective action for the massless fields by integrating out the “heavy” instantons of
the fundamental theory [11]. As we see the instanton measure does not depend on mr
explicitly. Then the chiral transformation properties of the instanton measure (of the
fermionic determinant) is not changed in the limit mr = 0 since Nf − 1 zero modes
eq. (56) appear instead of the factor mr
(Nf−1). Thus the parameter mr in eq. (55) can
be considered as some infrared cutoff ∼ Λ of the Wilsonian effective action without
specifying a regularization procedure.
5 Conclusion
We have analyzed the non-perturbative properties of the N = 2 supersymmetric
Abelian gauge theory in two dimensions. We have developed the systematic semi-
classical expansion around the one-instanton saddle point and presented the set of
the bosonic and fermionic GFs saturated by the one-instanton contribution. The
fermionic GFs are determined by the zero modes of the Dirac operator in the in-
stanton field background while one has to take into account the loop corrections to
the partition function to compute the bosonic field correlators. We also constructed
the effective action which describes the instanton induced effects and explicitly re-
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produces these GFs at large distance. It includes the non-perturbative contribution
to the Ka¨hler potential and the non-perturbative twisted superpotential. In contrast
to all known models the effective coupling constant parameterizing the bosonic part
of this action turns out to be of the first order in Λ ∼ eSinst and is saturated by the
one-instanton contribution. This potential determines the corrections to the BPS sat-
urated mass spectrum of the model and to the classical vacuum configuration of the
scalar fields. In particular it implies the non-vanishing VEV of the scalar component of
the vector superfield. Then the instanton contribution results in the non-perturbative
variation of the Ka¨hler class of the CP (Nf−1) manifold of the classical vacua space.
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6 Appendix A
We use the following conventions in two dimensions. The metric tensor is gµν =
diag(1, −1) and the antisymmetric tensor εµν is defined so that ε01 = −ε01 = 1. The
gamma matrices are in the following representation
γ0 =

 0 1
1 0

 , γ1 =

 0 −1
1 0

 , γ5 = −γ0γ1 =

 −1 0
0 1

 . (60)
so a spinor θ and its Dirac conjugate θ¯ = θ†γ0 are of the form
θ =

 θL
θR

 , θ =
(
θR θL
)
. (61)
where θR = θ
∗
R, θL = θ
∗
L. The charge conjugated spinors are defined as follows
θc = γcθ
T
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θc = θ
Tγc (62)
where γc = γ1 is the charge conjugation matrix γcγµγc = −γTµ .
To study the instanton solution we make the analytic continuation from the
Minkowski to Euclidean metric x0 → −ix0. The Euclidean Dirac matrices are
γE0 = −iγ0, γE1 = γ1,
γE5 = −iγE0 γE1 = γ5, γEc = γc. (63)
The representation (61) is still valid but in Euclidean space one has to substitute the
Dirac conjugation by the Hermitian one θ¯ = θ† so θR = θ∗L, θL = θ
∗
R.
7 Appendix B
GF (40) can be computed within the standard PT around the one-instanton solution
[3] (note that the fermionic zero mode is cancelled by the Yukawa coupling (38)). In
this way, however, one needs to know the propagator of the σ field in the one-instanton
background [3]. Fortunately, it is possible to bypass this dynamical problem by the
following trick. Using the functional integral representation of the partition function
it is straitforward to prove a “low energy theorem” (see, for example, [33])
d
dζ
Gσ(x) = −
∫
d2y〈0|σ(x) (D(y) + v01(y)) |0〉. (64)
On the other hand, the bosonic correlator
〈0|σ(x) (D(y) + v01(y)) |0〉 (65)
is related to the function
〈0|λR(y)λL(x)|0〉 (66)
by the supersymmetric Ward-Takahashi identity [1, 3]. Indeed, using the transforma-
tion law [
QL, σ
]
= −i
√
2λL, {QL, λR} = −i(D + v01) (67)
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and the fact that the vacuum state is annihilated by the supersymmetry generators
because supersymmetry is not spontaneously broken one finds
〈0|σ(x) (D(y) + v01(y)) |0〉 = −
√
2〈0|λL(x)λR(y)|0〉. (68)
Substituting the bosonic correlator by the fermionic one in eq. (64) according to this
equation and using eqs. (28, 29, 32, 41) one finds
d
dζ
Gσ(x) = 4
√
2pi2Λ. (69)
Integrating this equation for θ = 0 one obtains
Gσ(x) = 4
√
2η2pi2Λ+ C ′. (70)
where C ′ is an integration constant. To fix this constant one needs some boundary
condition. In the limit η2 → 0 the theory has no Higgs phase and the instantons
smoothly transform to the pure gauge. So one can suppose all instanton saturated
quantities to vanish in this limit. Then C ′ = 0 and one gets eq. (47). The value
C ′ = 0 is also consistent with the Witten index analysis. Indeed, if C ′ 6= 0 the real
mass term (46) of the ψ field can not be reabsorbed by the shift of the σ field to its
VEV (see the comment after eq. (49)). Then the term
− (2C ′2φφ+
√
2C ′ψRψL +
√
2C ′ψLψR) (71)
appears in effective Lagrangian (49) and leads to spontaneous supersymmetry break-
ing.
Because of the non-renormalization property of the two-point GF of the gauge
fermion field the result (47) is exact within the PT around the one-instanton solution.
References
[1] V.A.Novikov, M.A.Shifman, A.I.Vainshtein and V.I.Zakharov,
Nucl.Phys. B229(1983)381, 407; Nucl.Phys. B260(1985)157.
20
[2] I.Affleck, M.Dine and N.Seiberg, Nucl.Phys. B241(1984)493.
[3] D.Amatti, K.Konishi, Y.Meurice, G.C.Rossi and G.Veneciano,
Phys.Rep. 162(1988)170.
[4] V.A.Novikov, M.A.Shifman, A.I.Vainshtein and V.I.Zakharov,
Phys.Rep. 116(1984)103.
[5] K.S.Narain, Nucl.Phys. B243(1984)131.
[6] N.Seiberg, E.Witten, Nucl.Phys. B431(1994)484; Nucl.Phys. B426(1994)19.
[7] D.Finnell and P.Pouliot, Nucl.Phys. b453(1995)225;
N.Dorey, V.V.Khoze and M.P.Mattis, Phys.Rev. D54 (1996)2921;
K.Ito and N.Sasakura, Mod.Phys.Lett. A12 (1997)205.
[8] I.Affleck, J.Harvey and E.Witten, Nucl.Phys. B206(1982)413.
[9] J. de Boer, K.Hori and Y.Oz, hep-th/9703100.
[10] O.Aharony, A.Hanany, K.Intriligator, N.Seiberg and M.J.Strassler,
hep-th/9703110.
[11] E.Witten, Nucl.Phys. B403(1993)159.
[12] P.Di Vecchia and S.Ferrara, Nucl.Phys. B130(1977)93.
[13] S.J.Gates, C.M.Hull and M.Rocek, Nucl.Phys. B248(1984)157.
[14] P.West, Introduction to supersymmetry and supergravity, World Scientific, 1986.
[15] J.Schwinger, Phys.Rev. B128(1962)2425.
[16] E.Witten, Nucl.Phys. B202(1982)159.
21
[17] J.Wess and J.Bagger, Supersymmetry and Supergravity, Princeton University
Press, Princeton 1992.
[18] E.B.Bogomol’nyi, Sov.J.Nucl.Phys 24(1976)449.
[19] M.K.Prasad and C.H.Sommerfield, Phys.Lett. 35(1975)760.
[20] E.Witten and D.Olive, Phys.Lett. B78(1978)97;
Z.Hlousek and D.Spector, Nucl.Phys. B370(1992)143.
[21] A.A.Abrikosov, JETP 5(1957)1174;
H.B.Nielsen and P.Olesen, Nucl.Phys. B61(1973)45.
[22] J.Edelstein, C.Nunez and F.Schaposnik, Phys.Lett. B329(1994)39.
[23] G.t’Hooft, Phys.Rev. D14(1976)3422; Phys.Rev. D18(1978)2199.
[24] N.K.Nielson and B.Schroer, Nucl.Phys. B127(1977)493.
[25] S.Chadha et al., Phys.Lett B67(1977)103;
B.Zumino, Phys.Lett B69(1977)369.
[26] J.L.Gervais and B.Sakita, Phys.Rev. D11(1975)2943;
E.Tomboulis, Phys.Rev. D11(1975)1678.
[27] A.D’Adda and P.Di Vecchia, Phys.Lett. B73(1978)162.
[28] A.D’Adda, A.C.Davis, P.Di Vecchia and P.Salomonson,
Nucl.Phys. B222(1983)45.
[29] A.Penin, V.Rubakov, P.Tinyakov and S.Troitsky, Phys.Lett B389(1996)13.
[30] H.Bohr, E.Katznelson and K.S.Narain, Nucl.Phys. B238(1984)407.
[31] S.Coleman, Comm.Math.Phys. 31(1973)259.
22
[32] A.D’Adda, P.Di Vecchia and M.Luscher, Nucl.Phys. B146(1978)63;
A.M.Din, P.Di Vecchia and W.J.Zakrzewski, Nucl.Phys. B155(1979)63.
[33] E.Witten, Nucl.Phys. B156(1979)269.
23
